In this paper, a state estimation problem is solved with the Steady-State Kalman filter for the nonintrusive measurements of the temperature inside the human body, with the magnetic resonance technique. The paper is focused on temperature measurements during the hyperthermia treatment of cancer imposed by radiofrequency waves. The coupled bioheat transfer and electromagnetic problems are numerically solved in a realistic twodimensional geometry obtained from the Visual Human Dataset. The tumor is considered loaded with nanoparticles in order to improve the localized absorption of the radiofrequency waves and to avoid the undesired heating of healthy tissues. Numerical results demonstrate that the present Steady-State Kalman filter solution is more accurate than the direct data inversion, which is commonly used for recovering the local transient temperature variation from the magnetic resonance measurements.
INTRODUCTION
In the hyperthermia treatment of cancer, the temperature of the tumour is increased in order to induce cell necrosis (commonly referred to as thermoablation) or to improve the sensitivity of the cells to cytotoxic agents, like chemotherapeutic drugs or radiation [1, 2] . As for other kinds of treatments, damages to the healthy cells is of major concern. However, with the recent technological advances, nanoparticles have been used to improve the localized heating of the tumour, due to their enhanced absorption of electromagnetic waves caused by surface plasmon resonance [1] [2] [3] [4] [5] [6] .
Prior planning and control strategies are needed for the hyperthermia treatment of cancer. For both cases, computational simulations under the effects of uncertainties are required, which must take into account the physical phenomena involved in the heating process, like the interaction of electromagnetic waves with tissues, blood perfusion and metabolic heat generation, among others. In special, control strategies require real-time accurate knowledge of the temperature in the heated region, in order to avoid thermal damage to healthy cells. Several techniques have been developed for the measurement of the temperature inside the human body, including the Magnetic Resonance Thermometry (MRT) [1, 2, 7, 8] . Although this technique has been successfully used in practice, related uncertainties can be reduced by coupling this kind of measurement with the mathematical model of the physical problem and by solving a state estimation problem [9] [10] [11] [12] , as demonstrated for an arbitrary heating in [13] . In this paper, we extend our previous work [13] and couple the bioheat transfer problem to the heating problem imposed by the external application of waves in the radiofrequency range. The state estimation problem is solved with an asymptotic version of the Kalman filter, referred to as the Steady-State Kalman filter [12] , which provides a significant reduction on the required computational effort.
MAGNETIC RESONANCE THERMOMETRY
Different techniques can be found in the literature for nonintrusive temperature measurements via magnetic resonance. However, the PRF-Shift technique developed by Ishihara et al. [14] outperforms the other available techniques [2, 7, 15] . The basic principle of the PRF-Shift technique is that specific atomic nuclei possess a natural magnetic moment due to spin [16] . When an external magnetic field B0 is applied to such nuclei, they start a precession movement around the axis of B0. This precession movement has a well-defined frequency, which is called Larmor frequency, given by [16] :
where γ is the gyromagnetic ratio. The magnitude of the magnetic field in the vicinity of the atomic nuclei, ( ) nuc B r , is not equal to the magnitude of the external magnetic field, B0(r), due to the nuclear shielding performed by the electron cloud [16] . The magnetic field produced by this shielding is proportional to B0(r), so that the local magnetic field at the nuclei can be written as [16] :
where s(r) is the chemical shift. It was shown that the chemical shift is temperature dependent, that is,
is constant for a wide range of temperatures (in special those for hyperthermia treatment applications) and practically independent of the tissue, except for fat [2, 7, 13, 16, 17] . Therefore, the local phase shift from a reference angular value, ( , ) T ∆Φ r , can be obtained for the precession movement as:
where tTE is the time interval used to measure the phase shift through Gradient Echo sequences [2, 14] , also known as the echo-time [19, 20] . The phase shift is then measured for two different temperatures, including the baseline temperature before the heating process, T0(r), and the temperature T(r,t) during the heating. By using equations (3) and (4) we can write:
where
Equation (5) provides a relation between the temperature variation ( ) ( ) ( ) 0 , , T t T t T ∆ = − r r r and the resulting phase variation. Therefore, from the magnetic resonance measurements of ( ) ,t δ r , the temperature variation can be directly inferred from equation (5). This direct inversion is commonly used in practice for measuring temperature variations with the PRF-Shift method [20] .
BIOHEAT TRANSFER MODEL
The bioheat transfer problem is described in this work by the Pennes model [21] , with convective boundary conditions at the body surfaces and an initial condition given by the baseline temperature T0(r). The mathematical formulation for the temperature variation ( )
is thus given by:
The baseline temperature is the solution of the steady-state bioheat transfer problem before heating takes place, that is,
In equation (7), gh(r,t) is the heat source term that results from the external heating. In this work, radiofrequency waves are used to increase the temperature of the body tissues in a hyperthermia treatment of cancer, such as in [22, 23] . The tumor region is supposed to be loaded with iron oxide (Fe3O4) nanoparticles, in order to locally increase absorption of the radiofrequency waves and avoid thermal damage to the healthy cells. The heat generation term can be written as [22, 23] :
where θ(r) is the local volumetric concentration of nanoparticles. The electric field E(r) is given by
The problem for the calculation of the electric potential u(r) in the body is given by [22, 23] :
where the boundary surfaces 1 ∂Ω and 2 ∂Ω correspond to the electrodes maintained at the voltages u + and u -, respectively. Electrical current is assumed null at the remaining boundary surfaces.
STATE ESTIMATION PROBLEM
A state estimation problem is solved in this work to recover the transient temperature variation ( ) , T t ∆ r and avoid that uncertainties in the magnetic resonance measurements be directly propagated to the temperature variation, such as in the direct inversion given by equation (5) . State estimation problems are solved within the Bayesian framework, where the unknown states of a system are sequentially estimated based on the mathematical formulations of the physical problem and of the measurement system, as well as on the measurements themselves [9] [10] [11] [12] .
In this work, the state and observation vectors are given, respectively, by the local temperature increase and by the phase-shift, in each finite control volume used for the discretization of the body, that is,
n n = y δ (19) where the subscript n represents the time tn = n∆t. The evolution and observation models are linear and their related uncertainties are modeled here as Gaussian, additive, with zero mean and constant covariance matrix, such as in [13] . Therefore, we can write In this work, the external heating term is not modelled as part of the state vector, but rather as a control vector, u. The matrix F results from the discretization of the bioheat transfer problem with the finite volume method [13] . By assuming that the measurements are available at every finite volume used for the discretization, we can write (see equation 5):
The optimal solution of linear and Gaussian evolution and observation models, such as those given by equations (20) to (22), can be obtained with the recursive equations of the Kalman filter [9-12, 23, 24] . Despite these sequential estimates being unbiased and with minimum variances, the implementation of the Kalman filter can result in computational times too large to allow its application for real-time processes, like the estimation of the temperature variation inside bodies that is aimed in this work. The number of operations performed with the Kalman filter are of the order of N 3 , where N is the number of state variables. On the other hand, an asymptotic version of the Kalman filter is available for time-invariant systems, where the evolution and observation matrices, F and H, respectively, as well as the covariance matrices Q and R, are not time dependent. This version is denoted as Steady-State Kalman filter, with associated number of operations of the order of N 2 [12] . Although not being the optimal solution, accurate estimates of the state variables could be obtained with the Steady-State Kalman filter for a problem similar to the present one [13] . The equations for the Steady-State Kalman filter are given by [12] :
We note that only equation (25) needs to be applied recursively, while equations (23) and (24) are solved offline. Equation (25) is a Discrete Algebraic Riccati Equation [12] , which can be readily solved with subroutines openly available [25] .
RESULTS
The case analyzed in this work involved a two-dimensional domain, given by a transversal cut of a right human forearm, obtained from the Visual Human Dataset [26] (see figure 1a) . From this geometry, the domain Ω and its boundaries ∂Ω were obtained and discretized with an unstructured mesh, as shown by figure 1b, where green, light blue and dark blue represent skin, muscle and bones, respectively. The red circular region in figure 1b corresponds to a tumor. For the hyperthermia treatment of the tumor, electrodes positioned as illustrated by figure 1c were used to generate radiofrequency waves that propagate inside the medium, with u + = 4.5 V and u -= 0 V, at 1 ∂Ω and 2 ∂Ω , respectively. Properties required for the solution of the problem given by equations (1) to (17) were obtained from references [13, 22, 23, 27] . Before examining the solution of the present state estimation problem, which aims at the estimation of the temperature field in the region presented by figure 1 , it is interesting to notice the effect of applying nanoparticles to the tumor. Figures 2a and 2b present the heat source gh(r) resulting from the radiofrequency waves imposed to the region, for the cases without and with nanoparticles loaded to the tumor, respectively. While the heat source is more uniform and with smaller magnitude in the case without nanoparticles (see figure  2a) , it is larger and concentrated in the tumor region for the case with nanoparticles (see figure 2b) . Simulated measurements were used for the solution of the present state estimation problem. They were generated from the direct problem solution for the case with nanoparticles loaded in the tumor and were considered available every 0.05 seconds, up to the final time of 60 seconds, in each control volume shown by figure 1b. The simulated measurements followed a Gaussian distribution with zero mean and constant standard deviation of 0. The transient evolution of the temperature increase obtained by direct inversion of equation (5) and by the solution of the state estimation problem with the Steady-State Kalman filter, at the center of the tumor, are shown by figure 6a. This figure also shows the exact temperature variation and the 99% confidence intervals of the Steady-State Kalman filter solution. We notice in figure 6a that the temperature variation estimated with the Steady-State Kalman filter is in much better agreement with the exact one, than that obtained by direct inversion of equation (5) . Such fact becomes clearer from the analysis of figure 6b, which shows the errors between estimated and exact temperature variations, at the center of the tumor. 
CONCLUSIONS
This paper presented the application of the Steady-State Kalman filter for the magnetic resonance thermometry of tissues in the human body, during the hyperthermia treatment of cancer. This work extends our previous results obtained with arbitrary heat sources, to a case where the heating was imposed by electromagnetic waves in the radiofrequency range. The tumor was supposed loaded with nanoparticles in order to concentrate the heating in the tumor region. The temperature variations estimated with the present approach were in much better agreement with the exact temperatures than the direct inversion commonly used in magnetic resonance thermometry. Estimation errors obtained with the Steady-State Kalman filter were smaller than 0.1 o C in the tumor region, which is the most critical during the hyperthermia treatment because healthy cells are more likely to undergo thermal damage due to the largest temperatures observed. 
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